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Anisotropic vacancy-mediated phonon mode
softening in Sm and Gd doped ceria†

Dong-Hyuk Jung,‡ Ji-Hwan Lee, ‡ Mehmet Emin Kilic * and Aloysius Soon *

Ceria doped with Sm and Gd (SDC and GDC) has been suggested as a promising candidate for the

electrolyte used in solid oxide fuel cells (SOFCs), since it has relatively high oxygen ion conductivity at

intermediate temperature. There have been many previous experimental and computational studies to

investigate the properties, structure, and effect of vacancies, etc. for SDC and GDC. However, in these

previous studies, it is commonly assumed that the interaction between oxygen vacancies is negligible

and many focus only on the mono-vacancy system. In addition, the possibility of anisotropic vibrational

motion of the oxygen ions around vacancies is often neglected. In this paper, using both first-principle

density-functional theory and classical molecular dynamics calculations, we investigate the structural

and vibrational properties of the optimized SDC and GDC structures, such as bonding analysis, phonon

density-of-state and mean-square-displacement of the oxygen ions. Also, we report the direction-

dependent vibrations at the specific frequency of the oxygen ions near the vacancies, activation

energies, and diffusion coefficients of SDC and GDC which can extend our understanding of diffusion

dynamics in doped ceria-based electrolytes for SOFC applications.

I. Introduction

Solid oxide fuel cells (SOFCs) have been widely investigated
as an essential component for a sustainable energy system.1–4

To increase the practicality and competitiveness by reducing
the operation temperature,5 many studies have tried to find
suitable electrolyte materials showing enhanced conductivity in
the intermediate temperature (IT) range (773 to 1073 K).1,2,6,7

With a fairly accessible cavity within its octahedral holes,
fluorite-structured oxides such as ceria (CeO2) are very promising
candidates for SOFCs, but are currently not used mainly due to
high reduction temperatures and other problems during sinter-
ing. To overcome these hurdles, doping ceria with the rare-earth
(RE) elements (such as Sm and Gd) has received particular
attention and permits high ion-conduction with lowering of
reduction temperatures.

Aliovalent doping with RE elements in these fluorite-
structured oxides inevitably results in a charge compensation
mechanism (i.e. due to the lower oxidation number of RE(3+)
than Ce(4+) in CeO2), leading to high concentrations of oxygen
vacancies, and thus accounting for the commonly observed
vacancy-mediated mobile oxygen ion diffusion process in these
oxides.3–6,8,9 The fluorite structure of doped ceria also appears
to vary almost linearly with the concentration of dopants,
obeying the well-known Vegard’s law.8–12 Amongst various
concentrations, it was reported that 10 to 15 mol% of Sm or
Gd doped ceria (abbreviated as SDC and GDC, respectively) is
considered as the most appropriate electrolyte in IT-SOFCs, as
studied both in theory8,12 and experiments.9–11

To get a more detailed atomistic picture of vibrational/
thermal and migration properties of SDC and GDC, there have
been a few reported theoretical studies examining their atomic
and lattice structures. Using a mono-vacancy in the unit cell
system, it was reported that the vacancy prefers to form near
the RE dopant.5,12 Other studies attempted to model a more
realistic system by including two oxygen vacancies and four Sm
atoms in a CeO2(2 � 2 � 2) supercell.13 Through an extensive
screening of 3.5 billion Sm0.125Ce0.875O1.94 structures using a
density-functional theory (DFT)-based sampling framework,
they concluded that the oxygen vacancies prefer to be located
at about 6 Å in distance from one another.13

Such atomic and lattice structural information can have a
potential influence on the further investigations of ionic conduc-
tivity (s) of doped-ceria, often expressed as an Arrhenius-type
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exponential function with two key parameters: the activation
energy barrier (Ea) and its pre-factor (s0). In terms of Ea, it is
commonly determined using transition state theory for a single
oxygen ion near the oxygen vacancy, in which the vibrational
motions of all other oxygen ions are assumed to be completely
equilibrated each time a new diffusive event takes place.5,7,14

This assumption is commonly used for complementary kinetic
Monte-Carlo based analysis as well.15

Of late, these vibrational properties of defected ceria have
been calculated in detail and are shown to be correlated to its
ionic conductivity,16,17 with rather similar vibrational charac-
teristics near these oxygen vacancies.18,19 However, it is still not
clear if this holds true for doped ceria where the oxygen ions
near the oxygen vacancies and dopants may exhibit anisotropic
vibrational properties. This will then have direct implications
on its (enhanced) ionic conductivity.

To verify that, the present work focuses on a systematic
investigation of the atomic and lattice structures, vibrational,
and migration properties of defected ceria where more than
one oxygen vacancy is considered. In particular, to examine the
vibrational properties of oxygen ions near the oxygen vacancy
and the dopant, we have performed DFT lattice dynamics
calculations for ordered structures of ceria, SDC, and GDC.
Moreover, to examine the migration properties of oxygen ions
in doped ceria for various finite temperatures, diffusion
dynamics for both ordered and randomized GDC and SDC
are also studied via classical molecular dynamics simulations.

II. Methodology
A. Density-functional theory calculations

The first-principles calculations based on density-functional
theory (DFT) are performed using the Vienna Ab initio Simula-
tion Package (VASP) code.20,21 The projector augmented-wave
(PAW)22,23 method is employed. Specifically, the PAW poten-
tials for the Sm and Gd dopant atoms are chosen to reproduce
the 3+ valence state with treating the f electrons as localized
core states.15 The considered exchange–correlation (xc) func-
tional is described using the generalized gradient approxi-
mation (GGA) due to Perdew, Burke, and Ernzerhof (PBE).24

In addition, the optimum on-site Coulomb interaction, Ueff,

is needed to agree with experimental 4f band positions. Therefore,
an effective Hubbard term (Ueff = 4.5 eV) is only considered for the
Ce 4f states.25,26

A plane-wave kinetic cutoff energy of 500 eV is used for all
DFT calculations to expand the wave functions in a plane-wave
basis set. For the Brillouin-zone integrations are performed
using a G-centered k-point grid of (12 � 12 � 12) for the
primitive CeO2 unit cell and is folded with keeping similar
k-points sampling for the (2� 2 � 2) supercell calculations. The
convergence criteria for the total energies and forces are set
within 10�5 eV and 0.02 eV Å�1, respectively. The considered
cutoff energy and k-grid densities are tested within these criteria.

A (2 � 2 � 2) supercell of conventional cubic CeO2 (containing
96 atoms, which has been tested for the convergence of phonon
vibration modes) is used to examine the vibrational properties
in Sm (and Gd) doped ceria. This achieves a stoichiometry of
Ce0.875M0.125O1.9375 where M is taken as either Gd or Sm. The
positions of the oxygen vacancies and dopant atoms are consid-
ered using the most energetically favorable sites as previously
determined by a genetic algorithm (see ref. 13 for more details).
The vacancy position is defined as the center of the tetrahedrons
formed by the nearby cations (Ce, Sm, or Gd) as shown in Fig. 1.
Here, we have optimized and determined the lattice constants
for each doped and undoped ceria-based system using the 3rd
order Birch–Murnaghan equation of state27,28 (more details can
be found in the ESI†).

The radial distribution functions (RDF) for these ceria-based
systems are derived to characterize their atomic geometries via
ring statistics as implemented in the RINGS code.29,30 Details for
the RDF (gab(r)) and XRD analysis are elaborated in the ESI.† 31,32

Using the density-functional perturbation theory (DFPT)
method as implemented in the VASP code, phonon frequencies
at a constant volume are calculated using the supercell model
(as described above) with the Phonopy code.33,34 The longi-
tudinal optical (LO) and transverse optical (TO) (LO–TO) splitting
is also explicitly included considering the Born effective charge
tensors and dielectric constants for each ceria-based system.35

To better mimic the inelastic neutron scattering experiments, the
neutron scattering weighted/corrected phonon vibration density-of-
states as function of frequency (n), fw(n) is obtained using:

fwðnÞ ¼
sscat
m

fDFTðnÞ; (1)

Fig. 1 Optimized atomic geometries of (a) pristine CeO2, (b) oxygen vacancies in CeO2 (CeO2�x, VAC), and (c) Sm or Gd dopants in CeO2�x. Note that
a (2 � 2 � 2) supercell model is shown. Here, the oxygen vacancies, VO are taken as the geometric center of tetrahedrons consisting of nearest cations
(Ce, Sm, or Gd). The white, red, blue and black spheres represent the Ce, O, dopant (Sm or Gd) and VO, respectively.
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where fDFT(n) is the DFT-derived phonon vibration density-of-
states (vDOS), sscat is the total cross section for neutron scattering,
and m is the atomic mass of each element. Here, the sscat values
for each element are given by 2.94, 180.2, 39.4, and 4.233 for Ce,
Gd, Sm, and O, respectively.36–38

To aid our discussion and comparison of the calculated
vDOS for different ceria-based systems, the representative
center of the vDOS band (ncenter) is taken as a first momentum
of vDOS:

ncenter ¼
Ð
nif nið ÞdniÐ
f nið Þdni

; (2)

where the integration here is performed using the trapezoid
rule. We note that the influence of the LO–TO splitting on the
calculated/corrected vDOS is found to be negligible, in agreement
with other theoretical work.18

The electron localization function (ELF)39 (see ESI†) is
calculated using the Kohn–Sham DFT orbitals, fi, to examine
the chemical bonding environment for the oxygen ions near the
oxygen vacancies and dopants.

B. Molecular dynamics simulations

The classical molecular dynamics (MD) simulations are performed
using the LAMMPS code.40,41 The potential of interatomic inter-
action between i and j ions is considered as a Buckingham-type
with a long-range Coulombic term:

V rij
� �
¼ qiqj

rij
þ Aij exp �

rij

rij

 !
� Cij

rij6
; (3)

where qi holds for the charge of ion i (and likewise, qj for ion j), rij

is the interionic distance, and other parameters Aij, rij and Cij are
used to represent the short range terms for each element, Ce–O,
Gd–O, Sm–O, and O–O as listed in Table S2 in the ESI.† The
reliability of this potential parameter (as compared with experi-
mental data) has been discussed in detail in ref. 42 and 43. In the
case of cation–cation interactions, forces are assumed to be purely
Coulombic. It is considered that the systems studied in this work
are fully ionic where the ionic charges are chosen to be 4+, 3+, 3+,
and 2� for Ce, Gd, Sm, and O, respectively. The Buckingham-type
potential model has already been successfully employed to
describe the dynamics behavior of ceria-based materials in pre-
vious literature reports.44–46

For the MD calculations, a statistical approach is assumed to
present agreement with experimental results since the distribu-
tions of ions and defects in crystalline electrolytes are strongly
inhomogeneous. With this in mind, the positions of dopant
ions in ceria structures are also considered as inhomogeneous
by using random number generation. The illustration of doped
ion distributions for ordered (homogeneous) doped ceria
and randomly (inhomogeneous) doped ceria are compared in
Fig. S2 in the ESI.† Here, we adopt two (6� 6� 6) supercell models
based on cation dopant distributions for Ce0.875M0.125O1.9375:
ordered doped ceria structures from DFT calculations (in Fig. 1)
and a series of randomly distributed doped ceria structures
(in Fig. S2 in ESI†). All supercell models are constructed from a

pristine cubic CeO2 lattice. The length of the MD simulation
supercell (containing 2538 atoms) for all systems is taken
as 32.96 Å and with periodic boundary conditions applied.
To achieve electronic neutrality of the system, every two 3+
dopant ions in the systems will be compensated by one oxygen
vacancy. The time step used for the integration of Newton’s
equations of motion is set to 0.5 femtoseconds (fs). All ionic
diffusion analyses are then performed using the thermally-
quenched structures, considering the temperature ranging from
600 to 1800 K. The detailed steps of the MD calculations to
optimize the structure and to calculate the diffusion coefficient
(D) and activation energy (Ea) are given in the ESI.† 47

III. Results and discussion
A. Atomic and electronic structure

The calculated bulk properties of CeO2 are close to previously
reported theoretical and experimental values: The lattice con-
stant is found to be 5.49 Å, agreeing well with the established
theoretical values of 5.36 (LDA)26 and 5.49 Å (PBE+U),8,48

respectively. Here, the semi-local xc functional (PBE+U) is
known to slightly overestimate the bond length with respect
to experiments (5.41 Å).8,49

To construct and model the appropriate SDC and GDC
systems in SOFC applications, we focus on the following for
building the atomic models: the stoichiometry of SDC or GDC,
the position of dopant atoms, and that of the oxygen vacancies.
With this in mind, we have collected extensive atomic and
lattice structure information from previous studies.9–11,13,50–56

Based on the activation energy of diffusion (Ea), it has been
reported that Ce0.90M0.10O1.95

10,52 has the lowest Ea (of 0.6 eV).
Following this, we have constructed our doped ceria atomic
structure models based on Ce0.875M0.125O1.9375, where the M
represents Gd or Sm. Next, the energetically-favored positions
for the aliovalent dopants and oxygen vacancies (V��O ) are then
determined, taking references from previous studies.12,13,57

It has been established that the V��O prefers the nearest neighbor
site of the aliovalent dopant (Gd12 or Sm13). In addition, via a
DFT+U genetic algorithm search of various doped ceria systems,
Ismail et al. has confirmed that dopants prefer to be paired in
ceria.13

In order to determine the ground state for each ceria-based
system, the total DFT energies as function of volume are fitted
to a 3rd order Birch–Murnaghan equation of state28 (see Fig. S1
and Table S1 in ESI†). We find that the lattice constants for
CeO2�x, SDC, and GDC are generally larger than the pristine,
defect-free CeO2, and with a corresponding smaller bulk modulus,
as reported in previous work.8 Comparing the other PBE+U results
of the highly doped Ce0.75Sm0.25O2 and Ce0.75Gd0.25O2 (5.49 Å and
5.47 Å, respectively) in ref. 8, our PBE+U results seem to agree
better if the linear Vegard’s law is assumed.

Moreover, the CeO2�x model correctly reflects a lattice cell
expansion when compared to pristine CeO2 or doped systems
(SDC and GDC). This effect is commonly discussed in the
literature as the chemical expansion of cations missing
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chemical bonds with nearest oxygens (typically when oxygen
vacancies are formed). Upon forming the oxygen vacancies
(without dopants), the change from Ce4+ to Ce3+ near the oxygen
vacancy is formally noted. In SDC and GDC, the influence of this
chemical expansion of Ce cations is greatly reduced due to the
charge compensation from the 3+ dopants, following ref. 58.
A detailed discussion of this chemical expansion is covered in
some recent literature.59–61

For the calculated bulk modulus, that of SDC (169 GPa)
is found to be slightly underestimated when compared to
experiments (approximately 188 GPa when considering linear
Vegard’s relations, i.e. 166 GPa for Ce0.9Sm0.1O1.95 and 195 GPa
for Ce0.8Sm0.2O1.9 at room temperature).8,62 For that of GDC,
our calculated value of 170 GPa is also slightly underestimated
when compared to experiments (about 190–200 GPa for
Ce0.9Gd0.1O1.95

62,63 and approximately 182–187 GPa for
Ce0.9Gd0.2O1.9

63,64). However, we are in good agreement when
compared to previous DFT results (i.e. 165 GPa for
Ce0.75Gd0.25O2 using PBE+U).8

Taking into account the influence of temperature on the
crystal lattice, MD simulations of the SDC and GDC models are
performed for various finite temperatures. In Table 1, minute
lattice expansions after the MD runs are detected due to
thermal vibrations and bond weakening between atoms. Consi-
dering the underestimation of bond strength by semi-local xc
functionals, our DFT results do tend to show a larger value for
the lattice parameters than experiments. On the other hand,
our MD results nicely reproduce the lattice parameters in
experiments (by construction).

Next, the RDF (g(r) in Fig. 2) as well as the bonding length
profile (in Fig. 3) are examined and analyzed. The RDF has been
used successfully to correlate macroscopic thermodynamics
properties and the intermolecular interactions of atoms. For
instance, Loya et al. studied CeO2 with MD and RDF to under-
stand the self-assembly of nanoparticles.67 Scavini et al.,
reported a RDF study of GDC to clarify the complex positional
disorder derived from Gd doping and oxygen vacancies
formation.68 These previous results strongly corroborate with
our calculated RDF peaks in Fig. 2, where the first nearest
neighbor (1NN) and second nearest neighbor (2NN) distance of
the M–M and M–O bonds can be determined via the localized
peaks in the calculated g(r), from extended X-ray absorption fine structure (EXAFS), and the reported RDF.68 Here, we note that the

use of yet another structural analysis method – X-ray diffraction
(XRD) of these ceria systems – agrees well with our calculated RDFs
and available experiments68 (as shown in Fig. 4, ESI†).

Referring to Fig. 2, the Ce–O bond lengths for pristine CeO2

can be found at 3 peak values of 2.36 Å, 4.50 Å, 6 Å. The O–O
bond lengths exhibit the highest peak at 3.86 Å followed by that
at 6.09 Å and 6.67 Å. Furthermore, for CeO2�x, the Ce–O bond
length peak at 2.36 Å has a lower intensity and exhibits broad-
ening of peaks. While the O–O bond in CeO2 exhibits the
highest peak at 3.86 Å, that in CeO2�x shows the highest peak
near 2.75 Å, reflecting the effect a change in cation vacancy has
on the O–O bond lengths (i.e. broadening of peaks). We note
that some re-normalized minor peaks are observed around the
more intense peaks due to the existence of oxygen vacancies.

Table 1 Calculated lattice constants of CeO2, SDC, and GDC (aCeO2
, aSDC,

and aGDC, respectively) given as function of temperature range

Method T (K) aCeO2
(Å) aSDC (Å) aGDC (Å)

DFTa 0 5.49 5.51 5.50
MDa 1 5.41 5.42 5.42
MDa 300 5.42 5.43 5.43
MDa 600 5.43 5.44 5.44
MDa 1000 5.43 5.45 5.45

Experiment 300 5.42b 5.42c 5.42c

DFT 0 5.49d 5.43e 5.43e

a This work, PBE+U. b Ref. 65. c Ref. 66. d Ref. 48, PBE+U. e Ref. 3,
Ce0.94M0.06O1.97, PBEsol+U.

Fig. 2 Calculated radial distribution functions (RDF) of CeO2, CeO2�x,
GDC, and SDC (as optimized with DFT at T = 0 K and MD simulations at
various finite temperatures). Here, the green, red, and blue lines represent
the RDF between Ce–O, O–O, and dopants Sm or Gd–O.
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For both SDC and GDC, the DFT-calculated g(r) of Ce–O and
Sm(Gd)–O indicates the highest peak at relatively similar positions
of 2.38 Å, suggesting that both the dopants occupy and replace the
Ce atoms in ceria. Minor peaks are also distributed around 2.38 Å,
as in CeO2�x. Due to the difference in the atomic radii of Sm3+

and Gd3+, very small shifts in Sm(Gd)–O can be observed, e.g.
comparing Sm–O and Gd–O at 4.47 Å and 4.56 Å, respectively.
When finite temperature (of up to 1000 K) is included, our
MD-derived g(r) generally yields the same conclusions as discussed
while noting that all the RDF peaks are temperature-broadened as
the temperature is increased.

Given the three-dimensional spacial complexity of the distri-
bution of oxygen ions, cations, and oxygen vacancies, we attempt
to provide a bonding length profile between the cations and
oxygen ions both in Fig. 3 (in the ac-plane), as well as the
tabulated form in Table 2. In Table 2, we choose to discuss the
bond lengths using d���, where the relative position of the cation
is taken with respect to the target oxygen near the vacancy along
the a-, b-, and c-directions, respectively. For example, d+�+ will
represent the first nearest neighbor (1NN) cation at the upper
position in the a-direction, lower position in the b-direction, and
upper position in the c-direction, all taken with respect to the
target oxygen ion. Here, the oxygen ions near the vacancy are also

represented by a symbol, e.g. OV1
a" , which reflects the oxygen ion

near V1 along the upper position in the a-direction. Since the
profile results around V1 and V2 are almost the same, only V1 is
reported.

The values with the denotation 3 represent the bonding
distances between oxygens and cations nearest the oxygen
vacancy site, and are found to be generally shorter than that
for other cations. On the other hand, the values denoted by *,
which represents the bonding distance between the oxygens
and dopants, are determined to be generally longer than that
for other cations. We can notice that the shortest bond length
between the atoms is determined to be around 2.28–2.54 Å
which corresponds well to the first highest peak in our calcu-
lated RDF results. Upon a closer look at CeO2�x in Fig. 3(a), the
oxygen–cation bonds near the oxygen vacancy are similar or
shorter than that in CeO2 (2.38 Å), while those far from the

oxygen vacancy are much elongated to 2.46–2.52 Å – lending
support to the chemical expansion of Ce atoms discussed
above. For SDC and GDC, the oxygen–dopant bonds are longer
(i.e. with a less strongly bound oxygen ion) near the oxygen
vacancy while the opposite is true for such bonds far from the
vacancy.

We further examine the structure-bonding properties in
these ceria-based systems by analyzing the calculated ELF69

(in Fig. 4 and Fig. S5, ESI†). The ELF plots are drawn through
three specific planes with the oxygen vacancy centred/included
as depicted in Fig. 4(a). Since all the defected/doped ceria
systems show very similar trends in the ELF plots (in Fig. S5,
ESI†), we will focus our discussion using only the SDC case,
as shown in Fig. 4.

Fig. 3 Bonding length profile of DFT-optimized structures for (a) CeO2�x, (b) SDC, and (c) GDC using values tabulated in Table 2. Here, the black sphere
of V��O is taken as the vacancy (V1) site, and is defined as the center of the tetrahedron of nearest cations. The symbols (O

V1
a" ; O

V1
a# ; O

V1
c" and O

V1
c# ) are

represented by the red spheres which are determined by the upper (m) or lower (k) positions in the a- and c-directions. The white and blue spheres
represent the Ce and dopant (Sm or Gd) atoms. The values listed near the bonds represent the bond distances in the unit of Å.

Table 2 Distance profile between the oxygens and cations (Ce, Sm or Gd)
in the unit of Å. The * denotes dopant (Gd or Sm) and 3 denotes that the
cation is close to the oxygen vacancy site. The d��� means the relative
position of the cation with respect to the target oxygen ion near the
oxygen vacancy along the a-, b-, and c-directions, respectively. For
example, d+�+ will represent the first nearest neighbor (1NN) cation at
the upper position in the a-direction, lower position in the b-direction, and
upper position in the c-direction, all taken with respect to the target
oxygen ion. Here, the oxygen ions near the vacancy are also represented
by a symbol, e.g. O

V1
a" , which reflects the oxygen ion near V1 along the

upper position in the a-direction. Since the profile results around V1 and V2

are almost the same, only V1 is reported

OV1
a" OV1

a# OV1
b" OV1

b# OV1
c" OV1

c#

CeO2�x d+�+ 2.54 2.333 2.363 2.46 2.48 2.363

d�++ 2.353 2.46 2.50 2.343 2.52 2.353

d++� 2.46 2.353 2.50 2.343 2.353 2.52
d��� 2.333 2.54 2.363 2.46 2.363 2.48

SDC d+�+ 2.53 2.283 2.403* 2.48 2.43 2.343

d�++ 2.393* 2.49* 2.45 2.343 2.48 2.353

d++� 2.43 2.303 2.51* 2.323 2.413* 2.54
d��� 2.283 2.61* 2.313 2.48 2.343 2.50

GDC d+�+ 2.54 2.283 2.383* 2.47 2.45 2.343

d�++ 2.373* 2.46* 2.45 2.343 2.49 2.353

d++� 2.43 2.303 2.51* 2.323 2.393* 2.53
d��� 2.283 2.60* 2.313 2.48 2.343 2.50
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In Fig. 4(b)–(d), we find the ELF plot for the oxygen ions near

the oxygen vacancy (namely, OV1
a# ; O

V1
a" ; O

V1
b# ; O

V1
b" ; O

V1
c# and OV1

c" )

tends to form a noticeable distortion towards the oxygen
vacancy. These ELF patterns correspond to the smaller bond
distances between the oxygens in first nearest neighbor sites to
the oxygen vacancy and the cations near the oxygen vacancy
(marked as 3 in Table 2). On the other hand, the other oxygen

ions (namely, OV1
a2 ; O

V1
bc ; O

V1
ca ; O

V1
ba ; O

V1
b2 and OV1

c2 ) maintain a
symmetric spherical ELF distribution.

Through such first-principle-based structure-bonding analysis,
we establish that the anisotropic distortion of oxygen atoms
towards the oxygen vacancy site is evident. Although such
direction-dependent distortions may be small and minute, their
influence on important ion transport properties (such as lattice
ionic diffusion) in ceria-based systems has not been studied.
Furthermore, nor how these anisotropic lattice properties may
promote/suppress lattice thermal vibrations in a specific direction
of ion transport.

To investigate the influence of anisotropic distortions in
oxygen atoms on their lattice thermal properties, we calculate
the lattice dynamics for each ceria-based system, and further
proceed to examine the related diffusion dynamics by deter-
mining the attempt frequency of oxygen ion migration.17

B. Lattice dynamics: vibrational density-of-states

The phonon vDOS for CeO2, CeO2�x, SDC, and GDC are
calculated (see Fig. S7, ESI†) with neutron scattering weighting
corrections (cf. eqn (1), in Fig. 5). Upon applying the neutron
scattering weighting corrections, the vDOS of pristine CeO2

(Fig. 5(a)) is dominated by the oxygen modes and exhibits the
highest phonon peak near the frequency mode of 56 meV, a
near-zero node at 60 meV, and the second highest phonon peak
located near 68 meV. Our calculated vDOS agrees well with
previous reports.70 The vDOS of CeO2�x (Fig. 5(b)) resembles
that of pristine CeO2 at lower frequencies while showing some
distinct changes upon the creation of an oxygen vacancy for the
higher frequency modes (more than 55 meV): softening of
the second highest phonon peak (to B62 meV) and the
disappearance of the near-zero node. For the vDOS of SDC

Fig. 4 Electronic localization function (ELF) plot for the oxygen vacancy
(especially overlapping the one vacancy site (labelled as V1)) along three
different planes for SDC. Here, the oxygens are positioned and labelled.
For example, the oxygen ion at a lower position to V1 along the a-direction
is labelled as O

V1
a# .

Fig. 5 The vibrational density-of-states (vDOS) (with the neutron scattering weighting corrections cf. eqn (1)) for (a) CeO2, (b) CeO2�x, (c) SDC, and
(d) GDC, respectively. Here the gray region is the total vDOS, while the red, black, and blue lines are the vDOS of each component O, Ce and dopants
(Sm or Gd), respectively. (e) The averaged changes in the center of vDOS (D�n) for the various oxygen ions in each ceria-based system, taken with respect
to pristine CeO2. Here, D�n for CeO2�x, SDC, and GDC are represented by the black, red, and blue bars, respectively. Benchmarked via the oxygen vacancy
position (labelled by the black sphere in the inset), each ceria system consists of 12 1NN oxygens (red spheres), 20 2NN oxygens (cyan spheres), 4 4NN
oxygens (lime spheres), and 26 other oxygens (purple spheres), respectively.
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(Fig. 5(c)) and GDC (Fig. 5(d)), the second phonon peak is now
shifted to 65 meV and the near-zero node at 60 meV is some-
what recovered. SDC and GDC exhibit almost the same oxygen-
derived vDOS features except for the Sm- and Gd-derived
phonon peaks near 10 meV (i.e. given that the sscat for Gd is
about five times that of Sm).

To further understand the individual species (i.e. both
anions and cations) contributions to the total vDOS, we calcu-
late the representative center of the vDOS for all atoms using
eqn (2) and obtain a statistical average for each species. The
averaged vDOS center (�n) for each species is then tabulated in
Table 3, with the corresponding standard deviation value (in
brackets). Comparing the values of each different system shown
in Table 3, the standard deviation in the �n values for Ce, Sm,
and Gd varies marginally across all ceria-based systems. A more
distinct change is observed for the oxygen ions.

Turning our focus to the oxygen ions, we analyze the
changes to their �n values by grouping the oxygens according
to their relative positions near the oxygen vacancy. As depicted
in the inset of Fig. 5(e), a schematic cartoon is shown for the
first nearest neighbor (1NN), second nearest neighbor (2NN),
fourth nearest neighbor (4NN) and other oxygen ions around
the oxygen vacancy. Given this classification, for the ceria-based
systems with two oxygen vacancies (with or without dopants,
i.e. CeO2�x, SDC, and GDC), there will be twelve 1NN oxygens
(vertical to the vacancy), twenty 2NN oxygens (diagonal to the
vacancy), four 4NN oxygens, and twenty six other oxygens
(purple spheres), accordingly. Considering the other oxygen
vacancy within periodic boundary conditions, 6 of the 1NN oxygens
will be either taken as four 2NN or two 4NN oxygens with respect to
the other oxygen vacancy. The detailed tabulation of all �n can be
found in Table S3 in the ESI.† We note that the standard deviation
for each classification group is less than 1.5 meV.

Using this information, we proceed to calculate the changes
to the �n values for each classification group of oxygens to that of
oxygen in pristine CeO2. This change, D�n is then plotted in
Fig. 5(e). Interestingly, a defect/dopant-mediated softening of
the 1NN and 4NN oxygen vibrational modes is observed (i.e.
reflected by the large negative D�n values), while the 2NN and
others show a small positive D�n value. Going back to our
motivation for this classification, it then becomes clear that
although the 2NN oxygens have a much shorter distance from
the oxygen vacancy, the vertical positions from the vacancy

(i.e. the 1NN and 4NN oxygens) are most affected compared to
the diagonal positions (i.e. the 2NN oxygens).

To better understand the influence of the oxygen vacancy on the
vDOS of the different oxygens based on orientation in the lattice, we
present the vDOS for all oxygens, decomposed into the three lattice
directions (namely, the a-, b-, and c-directions) in Fig. 6. The labels
in Fig. 6 follow that in Fig. 4. Here, four oxygen atoms in Fig. 6(a),
(b), (d), and (e) are related to another vacancy (labelled as V2), where
the detailed relations are shown in the brackets. Here, we note that
the vDOS of the oxygen atoms near the oxygen vacancy in GDC and
CeO2�x systems are also investigated (as shown in Fig. S8 and S9,
ESI†). Comparing the vDOS of CeO2�x (Fig. S9, ESI†) to that of SDC
and GDC (Fig. 5 and Fig. S8, ESI†), doping Gd or Sm to CeO2�x

results in a small shifting of the oxygen vDOS peaks to higher
frequencies (as illustrated in Fig. 5(b)–(d)). However, the anisotropic
contributions (for each direction with respect to nearest vacancy) to
the vDOS are almost identical. Due to this, we mainly use the SDC
model for further discussion.

According to our nearest neighbor classification scheme, the
vDOS of the 1NN oxygens are shown in Fig. 6(a), (b), (e), (f),
(i) and (j). As compared to the oxygen-derived vDOS in pristine
CeO2, they all exhibit a similar trend of a strong weight towards
the low frequencies while broadening the phonon modes at
higher frequencies. Unlike the 1NN oxygens, the vDOS of the
2NN oxygens (shown in Fig. 6(c), (g), and (k)) resemble that of
the oxygen in pristine CeO2, corroborating with the very small
positive D�n (Fig. 5(e)). For the vDOS of 4NN oxygens (as seen in
Fig. 6(d), (h) and (l)), an interesting observation is found: near
45 meV, especially so for that in Fig. 6(h) and (l), a very high
intense localized phonon peak emerges, and this mode is not
found for the other oxygens.

We rationalize that the position of the oxygen vacancy
indeed influences the oxygen-derived vDOS anisotropically,
i.e. strongly direction-dependent. For instance, in the vDOS of

OV1
a" (Fig. 6(a)), the characteristic peak around 30 meV may be

strongly attributed to the vDOS contribution along the a-direction
(which is the direction towards V1). So generally, we find that the
vDOS of the 1NN and 4NN oxygens (that is aligned vertically/
orthogonally to the oxygen vacancy) tend to have a higher weight
towards the low frequencies (i.e. generally softening), increasing
the probability to vibrate in that direction towards the oxygen
vacancy. To afford a more quantitative comparison, we compute
the direction-dependent �n and list their values in Table S4 of the
ESI.† In particular, we find for the 1NN and 4NN oxygens, a 20 to
30% softening of the oxygen-derived vDOS when compared to that
of pristine CeO2 while minimal changes are found for the 2NN
oxygens. Given these clear anisotropic contributions to the overall
vibrational properties of doped ceria (namely, SDC and GDC), we
predict that the 1NN and 4NN oxygens may account for the higher
diffusion dynamics seen in doped ceria-based SOFCs than the
2NN oxygens.

C. Diffusion dynamics: determining the diffusion coefficient

Now, turning to the diffusion dynamics in doped ceria, finite
temperature classical MD simulations have been performed for

Table 3 The averaged center of vDOS (�n(i) in meV, when n(i) is the center
of vDOS of the ith species i.e. Ce, O, and M (Sm or Gd); cf. eqn (2)) for
pristine CeO2, CeO2�x, SDC, and GDC. Here, the values in brackets below
are the standard deviation measured for each species

CeO2 CeO2�x SDC GDC

�n(Ce) 19.61 19.19 19.43 19.58
(0) (0.48) (0.66) (0.67)

�n(M) — — 15.85 15.06
— — (1.20) (1.39)

�n(O) 45.40 43.54 44.76 45.00
(0) (2.51) (2.17) (2.25)
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the DFT-derived ordered (i.e. homogeneous supercell expan-
sion of the DFT structures) and randomized SDC and GDC
structures. The randomized structures of SDC and GDC are
denoted as SDC(R) and GDC(R), respectively.

First of all, the hR2i of oxygen ions has been calculated. It
increases linearly with time, and the slope is almost constant
for all SDC and GDC models at each temperature, shown in
Fig. 7(a) and (d) for the ordered SDC and GDC structures,
respectively. The diffusion coefficient, D for the various models
of SDC and GDC are given in Table S5 in the ESI.† From these
values, we have found that D of the ordered SDC and GDC are
0.97 � 10�12 and 0.78 � 10�12, respectively, whereas D values
of (1.07–1.59) � 10�12 and (1.11–1.37) � 10�12 are found for
SDC(R) and GDC(R), respectively.

Similarly, the hR2i is also computed along the orthogonal a-,
b-, and c-directions. Within the accuracy of numerical noise, we
find a small anisotropic behavior in the direction-dependent
hR2i for both SDC and GDC. In particular, the computed hR2i is
very similar along the a- and c-directions whereas a slightly
smaller value is found in the b-direction, as indicated in
Fig. 7(b) and (e). Our classical MD diffusion dynamics analysis
corroborates very well with the DFT-derived vDOS analysis
above, with both demonstrating similar trends of anisotropic
phonon mode softening for the oxygen ions near the oxygen
vacancy. Here, we note that this element-dependent hR2i variation

is clearly found in both DFT-derived ordered models as well as
randomized ones. Furthermore, the hR2i of the cations (Ce, Sm
and Gd) is not changed within the simulation time (as indicated
by the horizontal lines in Fig. 7(b) and (e)). Hence, the cations are
not expected to diffuse and only exhibit vibrational features
around their lattice sites at finite temperatures. The oxygen ions,
on the other hand, clearly show migratory behavior from one
lattice site to another (or a vacancy site) at these temperatures.

It is known that the conductivity and the ion diffusion
coefficient, D are proportional with temperature while the
activation energy barrier, Ea, may somewhat vary for different
temperature regimes.17,71 At low temperatures, Ea may fluctuate
and subsequently stabilize at higher temperatures. The reason
for this is, at low temperatures, vacancy–dopant and vacancy–
oxygen ion interactions are dominant, whereas this interaction
energy barrier may be overcome for mobile oxygen ions at
higher temperatures.

Using linearized Arrhenius relations, we have also computed
Ea for both ordered and randomized SDC and GDC models at
temperatures ranging from 700 to 1800 K. We have found that
for the SDC(R) and GDC(R) models, the calculated diffusion
coefficients tend to show a larger error bar at low temperatures,
while these error bars are greatly reduced in the high tempera-
ture regime. Averaging all the D values for the randomized
models, we plot the diffusion coefficient (log D) as a function of

Fig. 6 Direction-dependent partial vDOS for each oxygen atom around the vacancy (V1) in SDC are represented with comparison to the pure CeO2

(grey region). The total and direction dependent contribution of each oxygen atom along the a direction, contribution along the b direction, and
contribution along the c direction are presented as the black solid line, and the other three different colored dotted lines (red, blue and orange),
respectively. With respect to the target vacancy (V1), the oxygens at 1NN sites are shown in the left two columns (a), (b), (e), (f), (i) and (j), the oxygens in
2NN sites are shown in the third column (c), (g), (k), and the oxygens in 4NN sites are (d), (h) and (l). Detail labels for each case follow that in Fig. 4. At (a),
(b), (d), and (e), oxygens are standing in 2NN or 4NN positions with respect to another vacancy (V2) as labelled within the brackets. Here, we note that the
GDC and CeO2�x cases are presented in the ESI† due to the similarity of behavior.
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1000/T via a linear regression fit and find very similar Ea values
for the ordered cases (0.52 eV for SDC and 0.55 eV for GDC)
and randomized cases (0.51 eV with �0.039 eV for SDC(R) and
0.59 eV with �0.034 eV for GDC(R)), as illustrated in Fig. 7(c)
and (f). Here, we find very good agreement with experimentally
determined Ea values for RE-doped ceria (e.g. 0.62 to 0.64 eV for
Gd and Sm co-doped ceria10,72).

IV. Conclusions

In this work, we have examined the structural, vibrational, and
diffusion properties of different ceria-based systems including
oxygen vacancies and RE dopants (Sm or Gd) – both using

first-principles DFT calculations and finite temperature MD
simulations. Based on the different lattice structure analysis
approaches such as bond length profiling, simulated RDF and
XRD plots, phonon vDOS of the ceria-based systems, we find
that the 1NN and 4NN oxygens clearly exhibit orientation-
dependent phonon mode softening. Of these, we also unequivo-
cally demonstrate that this phonon mode softening is anisotropic
and direction-dependent, especially in the orthogonal/vertical
directions towards the oxygen vacancy. In addition, the diffusion
dynamics for both ordered and randomized SDC and GDC
models were studied and we report the diffusion coefficient
and energy activation barrier for these doped ceria systems.
We envisage that the anisotropic influence of oxygen vacancies on
the oxygen ion mobility (especially for the 1NN and 4NN sites) will

Fig. 7 The mean square displacement, hR2i of ordered (a) SDC and (d) GDC, as a function of time (t) for various finite temperatures, ranging from 600 to
1800 K, following the blue and red monochromatic color bars in each graph, respectively. The hR2i for each species in (b) SDC and (e) GDC is also plotted
for T = 1200 K as a function of t. Here, the black, blue and red lines denote the total hR2i of Ce, dopant (Sm or Gd), and O, respectively. Additionally, the
pink, green, and orange lines represent the direction-dependent hR2i for the oxygen ions along the orthogonal a-direction (O-a), b-direction (O-b) and
c-direction (O-c), respectively. Finally, the Arrhenius plots of the diffusion coefficient (log(D)) for the ordered SDC and GDC, and 5 different randomized
structures each for SDC and GDC (labelled as SDC(R) and GDC(R), respectively) are plotted as a function of 1000/T. Here, the absolute temperatures, the
corresponding T are shown in the upper horizontal axis for each 1000/T. In (c) and (f), the blue (red) straight and cyan (pink) dashed lines are obtained
from a linear regression fit for each data set of ordered and randomized SDC (GDC) structures.

PCCP Paper

Pu
bl

is
he

d 
on

 0
8 

M
ar

ch
 2

01
8.

 D
ow

nl
oa

de
d 

by
 Y

on
se

i U
ni

ve
rs

ity
 o

n 
1/

10
/2

01
9 

7:
00

:4
9 

A
M

. 
View Article Online

http://dx.doi.org/10.1039/c8cp00559a


This journal is© the Owner Societies 2018 Phys. Chem. Chem. Phys., 2018, 20, 10048--10059 | 10057

provide a platform for further analysis of ion transport
mechanisms in doped fluorite-structured electrolytes.
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